Crack formation in cellular solids is often triggered by the presence of flaws caused by the manufacturing process that is used to build them. In thermal management applications, an imperfection embedded in the core of a sandwich panel might have a detrimental thermal impact that is often challenging to predict. This paper focuses on a theoretical study of non-Fourier heat conduction in a sandwich panel with a cracked foam core. With the aim of exploring the thermal response of a panel with porous core and skins made of a single material, we examine the role of crack position, relative density of the foam core, and other geometric parameters of the panel. Based on the assumption that the crack in the core is thermally insulated, i.e. no heat flux can pass through, we obtain the temperature distribution and heat flux intensity factor in the time domain via Fourier and Laplace transforms. The results are visualized in maps that show the influence of the size of the skin relative to that of the foam core and the crack location as well as the antagonist impact that the relative density of the foam core has on the maximum temperature and heat flux. The method presented here can be used to tailor the thermal response of sandwich panels.
Introduction
Sandwich panels consist of two stiff and strong skins, or faces, bonded to a core [1] . While the former are typically metal or polymer/fiber-reinforce composites, the core has generally a lowdensity cellular architecture, such as that in metallic honeycombs, polyurethane foams, and other porous materials. The function of the core is to not only increase the bending stiffness of the panel and its resistance to buckling loads [1, 2] , but also satisfy multifunctional requirements, such as fluid permeability, energy absorption, and acoustic damping among others [3, 4] . Low weight, structural efficiency, and multifunctionality, are desirable characteristics often sought after in aircrafts, automobiles, ships, and sport equipment. Usually, the cellular architecture of the core can be either random, such as in foams, or periodic, such as in corrugated (prismatic) metals and textile/truss cores [4] , but it might be also a mix of them. In general, what controls the multifunctional response of a sandwich panel is the properties of the skin and the core. The thickness of the former, besides its material attributes, is a critical design parameter, whereas the relative density of the latter, i.e. the core, together with cell topology and nodal connectivity, governs the thermal, acoustic, and other responses of the sandwich panel.
Due to the increasing use of cellular materials in multifunctional applications, the study of their multiphysics has been the object of intense research. A wealth of studies is available in the literature, each dealing with either the theoretical and/or experimental aspects. On the prediction side, for instance, several homogenization schemes applied to cellular materials have been used to predict heat conduction and mass transport [5e8], electromagnetic permeability [9] , as well as their mechanical responses [10e15] . On the testing side, the mechanical [16, 17] , thermal [18, 19] , and thermomechanical [20e22] responses of a sandwich panel with either a lattice or foam architecture have been measured for the use in load-bearing, biomedical, and thermal management applications.
In structural applications, the presence of a crack, either within the core or at the interface with the skins, can utterly drop the strength of the panel [23] . The magnitude of this reduction, as well as its associated evolution of fracture, have been studied by using standard concepts of continuum and fracture mechanics [24, 25] . Whereas some studies have mainly examined the nucleation and propagation of a crack in a cellular material [9, 26] , others have focused on the cellular core in a sandwich panel, in particular its failure modes, such as the formation of an inter-layer crack and skin delamination [17] .
In thermal management applications, a crack that forms in a sandwich core causes overheating its vicinity. The physics of this phenomenon poses some challenges for both the theory and experiments that are required to understand it [27e29]. First investigations back to 1965 examined a solid material containing a crack, where the singularity of the heat flux was obtained in steady state for an infinite medium with collinear cracks [30] . To quantify thermal energy accumulated around a macro-crack tip, Tzou [31, 32] first introduced the intensity factor of the temperature gradient and then analyzed the effect of the thermal properties on the singularity exponent of the temperature gradient. More recently, the influence of an arbitrarily oriented crack on the heat conduction of a functionally graded (FG) medium has been elucidated and the discontinuity of the heat flux has been obtained via the heat flux intensity factor (HFIF) [33] . Similar to the concept of the stress intensity factor measuring the stress concentration in the vicinity of a crack tip, HFIF represents the intensification scale of the heat flux at the crack tip [34] . A larger value of HFIF implies a higher heat flux and a severer thermal condition around the crack tip. While the aforementioned studies pertain to a crack in a solid material, transient heat conduction analysis of a cellular material containing a crack is at its infancy and limited to Fourier heat conduction [35, 36] .
Fourier heat conduction is the conventional approach that has been extensively used to study heat conduction in crack problems. Although well established, one limitation of this theory is its accuracy, which is deficient for very low temperature and short-pulse thermal heating in micro temporal/spatial scale [37, 38] . As a result, non-Fourier heat conduction schemes have been proposed, among which the simplest is that of CattaneoeVernotte (CeV) [39, 40] . Another refinement, introduced by Tzou [41] to better describe heat conduction in a transient case, resorts to a dual-phase-lag (DPL) that accounts for the microscale temporal and spatial effects of the heat transport. The DPL model has been used to investigate heat conduction in layered composites [42] , interface bonding of dissimilar materials [43] , biological tissues [44] , and FG materials [45e48] . Recently, non-Fourier theories have been also applied to solid media containing a crack, and to study the transient heat conduction in a cracked half-space [49] , a bilayered composite with a penny-shaped interfacial crack [50] , as well as a cylinder with an embedded/edge circumferential crack [51] . It has been observed that the phase-lags of heat flux and temperature gradient have a significant impact on the intensity factors of a cracked medium. Furthermore, DPL theory applied to a sandwich panel subjected to a thermal shock has the potential to capture the thermal wave propagation and the overshooting of the transient temperature induced by the thermal impact. Another advantage of using the DPL theory is that microstructural interactions occurring during the heat transport process and fast transient phenomena of thermal waves can be studied via the phase-lag of the heat flux. Despite these pros, no work exists in the current literature that uses nonFourier heat conduction to understand the transient thermal response of a sandwich panel with a cracked core.
This paper aims at studying the disturbed temperature field of a sandwich panel, containing an insulated crack in its core that is made of foam. Both skins and core are assumed to be made of a single material, and the overall panel assumed to be rigid with no deformation occurring under transient thermal loadings. We use a DPL heat conduction model (Section 2) with the effective thermal properties of foams (Section 3) for thermal analysis. In Section 4, the two-dimensional temperature field is obtained in Laplace domain by Fourier transform and by solving singular integral equations. We also introduce HFIF to recognize the singularity of the heat flux field at the crack tip. The role of phase-lags, relative density, skin thickness, and crack position is examined in Section 5 with respect to the transient temperature field and HFIF, and the results are illustrated in the form of design charts [52e54].
Problem definition
We examine a sandwich panel with a foam core containing a thermally insulated crack, assumed here as a gap of length 2c (Fig. 1) [55] . The sandwich consists of: (1) an upper skin with thickness h 3 À h 1 , (2) foam core of thickness h 1 þ h 2 , and (3) lower skin of thickness h 4 À h 2 . The material properties of both skin and core do not change. The sandwich panel is initially at temperature T ∞ , before applying a sudden temperature rise at the top, T a , and the bottom, T b , of the skins. Temperature rises occur via a Heaviside or step function H(t), which is zero for negative values of t and is unity for non-negative values of t. In this investigation, since the solid skins and foam core are made of one material, there is a unique coefficient of thermal expansion, which does not change for the relative density range of the foam core. The result is that no residual stresses can develop at the interface between the skins and foam core with a perfect bond.
The DPL model for heat conduction can be described as:
where q, r, t, k, and T are the heat flux vector, position vector, time, thermal conductivity, and temperature, respectively; V represents the gradient operator and t q and t T are phase-lags of heat flux and temperature gradient, respectively. We use the Taylor series expansion (Eq. (1)) up to the second-order for t q , and up to the firstorder for t T , which leads to the wave-like DPL model [45] 
The energy conservation equation in the absence of internal heat generation is written as
where r and c V are, respectively, mass density and specific heat capacity. Eliminating q in Eqs. (2) and (3) leads to the following hyperbolic differential equation:
is the thermal diffusivity.
Effective thermal properties of the sandwich core
The sandwich core, examined in this work, is a foam with a random arrangement of cells [56, 57] . To avoid a detailed microscale analysis of the foam architecture, we use its effective thermal properties obtained via homogenization [12, 14, 58] . If we assume local thermal equilibrium and neglect radiative effects, viscous dissipation, and work done by pressure changes, the effective heat capacity of a foam (in the unit of J/(m 3 K)) [59, 60] can be written as:
where the subscripts "s" and "g" refer to the material properties of solid and gas; overbar denotes the effective material properties.
The relative density r r is defined as:
where r s is the material density of the solid of which the foam is made [61] . If the heat convection of the gas in the foam is neglected, its thermal conductivity can be written as [57] k
If the heat capacity and thermal conductivity of gas are assumed equal to those of dry air, then r g c Vg ¼ 1.006 Â 10 3 J/(m 3 K) and [5] . Equations (5) and (7) are used in the following sections for thermal analysis, where overbar is omitted for simplicity in the rest of formulations. In addition, we assume the phase-lags of the cellular medium equal to those of the solid material.
Methodology
For a two-dimensional temperature field, the governing equations can be written in Cartesian coordinates using Eq. (4):
where the superscript "a" denotes the ath layer. The following nondimensional parameters are here introduced:
where d (0) and k (0) are the thermal diffusivity and thermal conductivity of the constituent solid materials. Equation (8) can be rewritten as
Considering zero initial conditions, the Laplace transform is applied to Eq. (10) 
and s represents the Laplace variable. By assuming thermally insulated crack surfaces and imperfectly conducting interfaces, non-dimensional boundary conditions can be expressed in the Laplace domain as
where q ðaÞ y is the heat flux component in y-direction; the variables with tilde "~" indicate their counterparts in the Laplace domain; X 1 and X 2 are non-negative constants representing weak thermal interface between skins and core of the sandwich panel [60, 63] . For the sake of brevity, however, perfect thermal interfaces are considered in this analysis (X 1 ¼ X 2 ¼ 0). Considering Eq. (2), e q ðaÞ0 y is expressed in terms of temperature as follows: 
The governing equation (11) subjected to the boundary conditions (13)e (16) can be solved by decomposing the present problem into: (a) an undamaged sandwich panel with inhomogeneous thermal boundaries and (b) a cracked one with homogeneous boundary conditions [64, 65] . The latter can be solved via Fourier transform. As a result by superposition, we obtain the temperature field in the Laplace domain: EC ¼ A
where 
and E and A are, respectively, a 6 Â 6 matrix and a 6 Â 1 vector, whose non-zero elements are given in the Appendix. 
(22-2)
with coefficients c j given in the Appendix. The unknown coefficient D 2 is obtained by applying the mixed boundary condition (Eq. (16)), and introducing the following unknown function:
Using Eqs. and (23), one can obtain fðx 0 ; sÞ ¼ 0; jx 0 j ! 1 (24-1) 
In addition, substituting Eqs. 
where Lðu; x 0 ; sÞ ¼
The fundamental solution of Eq. (26) is obtained by using Eq. (24-2) as [66] fðu; sÞ ¼ f ðu; sÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi
where f(u,s) is Holder-continuous in the domain À1 < u < 1.
Equations and (26) can be solved by the GausseJacobi quadrature method as 
Once the function f(u,s) is known, D 2 (x,s) can be obtained by using the ChebysheveGauss quadrature method applied to the integral in Eq. (25) as
The temperature field in the Laplace domain can be obtained by substituting Eqs. (22) and (31) where f(1,s) is calculated by extrapolating the values for f(u p ,s). We recall that the method presented above can handle a series of Fourier and non-Fourier heat conduction problems in homogeneous and heterogeneous media containing a crack and subjected to transient thermal loads. The results that come from solving the equations above are here obtained via a numeric approach [67] that bypasses the complexity of implementing a closed-form Laplace inversion [68e71]. They are presented in the next section for the temperature and HFIF in the time domain.
Results and discussion
Heat transfer in a sandwich panel describes the exchange of thermal energy, which depends on the temperature and heat dissipation through its core and faces. Here we focus on the peaks of temperature and the heat flux intensity factor, as they can compromise the heat conduction capacity of the panel if above admissible values. Parameters that impact the panel thermal response include the relative density of the core, the panel geometry, and the position of the crack. To study their role, we examine a heat exchanger with a sandwich layout, entirely made of Copper 
Validation and phase lag effects
In order to validate the accuracy of the developed methodology, non-dimensional temperature time-history of the crack midpoints at the upper and lower surfaces of a cracked half-space is compared in Fig. 2a with those reported in the literature [49] . The homogeneous medium containing a thermally insulated crack parallel to the boundary, h 0 4 ¼ 1, is subjected to a sudden temperature rise T 0 b ¼ 1. As a result, the temperature increases to reach its maximum value and then fluctuates to reach the steady state due to thermal energy dissipation. As seen in Fig. 2a , the temperature at the lower midpoint, close to the boundary, is higher than that at the upper midpoint. We recall that the non-zero temperature at the initial stages of the temperature and HFIF time-histories stem from the numerical errors of the numerical Laplace inversion technique used in this paper. The effects of phase-lags on temperature and HFIF histories are also depicted in Fig. 2 . As shown in Fig. 2a , increasing the phase-lag of heat flux t 0 q and decreasing the phase-lag of temperature gradient t 0 T could enhance the maximum temperature and shorten the time needed for reaching the maximum temperature. In contrast to the maximum temperature, the maximum HFIF decreases for higher t 0 q and lower t 0 T . These observations are aligned with the results reported in literature [46, 47] .
Temporal evolution of temperature and HFIF for given relative densities of the sandwich core
In this section and the followings, non-dimensional phase-lags are assumed as t 0 q ¼ 0:5 and t 0 T ¼ 0:2, with T 0 a ¼ 1 and T 0 b ¼ 2 as the non-dimensional temperature at the top and bottom faces of the sandwich. These data are used to visualize the thermal response of a heat exchanger in charts where we span r r from very low density to r r ¼ 1. a ¼ 1Þ. Plotted with respect to the relative density (r r ) of the foam core, the non-dimensional temperature refers to the temperature at the midpoints of the crack surfaces.
As expected, the first observation that we gather from Fig. 3 is that a reduction in relative density lowers the thermal diffusivity of the foam core, which leads to a decrease in the thermal wave speed. A second insight that we can gain is on the time required for thermal dissipation. Here the key player is the non-dimensional thermal wave speed, C DPL ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi 2dt 0 T =ðd ð0Þ t 02 q Þ q , which is a function of the thermal diffusivity and phase lags of the material constituents of the skin and foam core. This relation explains why a decrease in relative density causes higher amplitude of temperature fluctuation besides greater fluctuation frequency. In addition, as the foam core becomes lighter, the heat flow passing through the core is delayed, thereby increasing the peak of the maximum temperature within the sandwich. For very low values of relative density (r r 0.07), however, we note that the maximum temperature at the crack midpoint can have an opposite trend, as shown later in Fig. 6 . It is noteworthy that the non-Fourier model presented here allows capturing temperature values exceeding those that can appear at the boundaries of a sandwich panel. This phenomenon of overshooting [74] , which cannot be picked up by Fourier heat conduction theory, can cause panel overheating. Fig. 4 illustrates how the temperature distributes within the sandwich panel for the relative densities examined in Fig. 3 . The maps are plotted for temperature values taken at the time the highest temperature occurs.
As we can observe, since a higher change in temperature is applied to the bottom face of the sandwich, the temperature in the lower half of the panel is higher than that of the upper part. The thermal insulation of the crack prevents the heat flow from passing through, which explains why the temperature field is no longer uniform along the x 0 -direction at each point in the y 0 direction. The reflection of the heat flow at the crack surfaces causes the magnification of the high temperature at the midpoint of the lower surface of the crack. While a decrease in relative density r r reduces the heat flux, a lower r r could result in a higher rise of temperature within the sandwich panel, a phenomenon that often occurs around the crack midpoint.
Finally, the impact of relative density on the transient nondimensional HFIF is shown in Fig. 5 for the sandwich panel examined in Figs. 3 and 4 . The HFIF response domain is depicted for relative densities in the range of 0.01 r r 1. As expected, the higher the relative density, the greater the maximum and steady-state HFIF. In Fig. 6 two systems of curves emerge: one with curves almost vertical, e.g. ad, cd, and another one with a rather horizontal path, e.g. efgk and lmn. The former represents the HFIF and maximum temperature for panel configurations of increasing relative densities, from lightweight to heavy. All converge to point d, a solid material panel. Points on ad are for a degenerated panel with no skin and made all of foam; heavier foams moving up on ad make HFIF rise. Similarly, points on bd describe sandwich panel configurations with prescribed core thickness ðh 0 1 ¼ 0:8Þ, with lower density foams (points close to b) displaying lower HFIF. The second system of curves, e.g. efgk and lmn, shows thermal response evolutions for panels with varying face thickness and a prescribed relative density of the core.
Whereas higher maximum HFIF are observed in increasingly thicker skins (from e to k through g), the maximum temperature at the crack midpoint first is seen to increase for panels from e to g ðh 0 1 z0:42Þ before decreasing again from g to k. We remark that the final points of the evolution curves, e.g. k and n, are plotted for a very thin foam core ðh 0 1 ¼ 0:001Þ, for which the three-layer model can still apply. If the core disappears, then the thermal response becomes equal to that of a fully solid panel, point d. Fig. 6a shows also a dark yellow region, defined by curves ae and bf, besides ab and ef. This domain pertains to relatively thin sandwich panels (h 0 1 above 0.8) with lightweight core (relative density below 0.3), a quite common range of parameters used in thermal management applications [1, 22] .
As a counterpart map, latter value of h 0 1 is chosen, as an example, to represent panels commonly used in aerospace for actively cooled systems with loadbearing capacity [22] . The curves for h 0 1 ¼ 0:5 and h 0 1 ¼ 0:86 reveal how the core thickness could alter the evolution of the temperature contours in a sandwich panel with foam core of alternative densities. The maximum temperature at the midpoint of the crack for a given relative density, is higher for h 0 1 ¼ 0:5 than for h 0 1 ¼ 0:86, as confirmed in Fig. 6a too. While decreasing the relative density of the foam core makes the panel lighter and with superior thermal insulation, the maximum temperature within the sandwich depends on the value of both the relative density (r r ) and the thickness ð2h 0 1 Þ of the core. If for h 0 1 ¼ 0:5 we reduce the relative density moving along the ABC path, the maximum temperature increases from A (r r ¼ 1) to point B (r r ¼ 0.07), as opposed to the trend observed from B to C (r r ¼ 0.01). Similarly for a sandwich panel with h 0 1 ¼ 0:86, we notice a maximum temperature at point D for r r ¼ 0.7. Furthermore, between A and E (0.47 r r 1), the maximum temperature is slightly higher than that of a fully solid panel, A. As seen in Fig. 6 , a trade-off between maximum temperature and HFIF could be observed in thermal responses depending on the relative density and thickness of the core. Fig. 7 illustrates the role of skin thickness and core relative density (0.01 r r 1) on the maximum non-dimensional temperature and HFIF. Thermal boundary conditions and overall sandwich geometry do not change from those assumed in Figs. 3e5, except for the skin thickness ðh 0 c ¼ h 0 3 À h 0 1 Þ, which varies from 0.01 to 1. For a given relative density of the foam core, Fig. 7a shows the temperature is maximized at optimal skin thickness, e.g. 6.0% higher than that of a solid core (r r ¼ 1), for h 0 c ¼ 1 the increase could be up to 38.1%. Fig. 7b shows how the maximum nondimensional HFIF changes with the skin thickness. While for a solid panel (r r ¼ 1), the maximum HFIF decreases for higher h 0 c , no pronounced variation is observed for a lighter core. the crack position from h 0 1 ¼ 0:01 to h 0 1 ¼ 0:99 the maximum temperature and maximum HFIF increase by 11.6% and 68.3%. The response domain given in Fig. 8 covers the whole range of crack positions and can thus be used to determine the safety factor for thermal design.
Concluding remarks
This paper has presented an investigation on non-Fourier heat conduction in a sandwich panel with a crack in the core parallel to the panel faces, upon which the temperature has been suddenly raised. The transient temperature field and heat flux intensity factor have been obtained by Laplace and Fourier integral transforms. The role of phase-lags, relative density, and thickness of the core, besides skin thickness and crack position, has been studied with results visualized in maps of thermal responses. We have found that the increase of the phase-lag of the heat flux and the decrease of the phase-lag of the temperature gradient, on one hand, enhance the maximum temperature, and on the other hand, reduce the maximum HFIF. Although decreasing the relative density of the foam core reduces the thermal wave speed, its effect on the maximum temperature and HFIF can be in conflict for given geometries of the skin and foam core, as well as for certain positions of the crack in the core. For instance, while the weight and heat flux intensity factor for a cellular core of r r ¼ 0.05 are 48% and 95% lower than those for a solid core, the maximum temperature of the panel is 28% higher than that for a solid panel. The method and charts provided in this paper contribute to elucidate the role that the geometric parameters defining the skin and core of a sandwich panel paly in thermal management applications where the sandwich panel is used for example as a heat exchanger. The methodology can be extended to analyze thermal stresses in cracked and deboned sandwich panels and to understand the effect of crack propagation in a thermally insulated domain. 
